This paper discusses methodology developed over the past 12 years in order to access and manipulate singlet order in systems comprising two coupled spin-1/2 nuclei in liquid-state nuclear magnetic resonance. Pulse sequences that are valid for different regimes are discussed, and fully analytical proofs are given using different spin dynamics techniques that include product operator methods, the single transition operator formalism, and average Hamiltonian theory. Methods used to filter singlet order from byproducts of pulse sequences are also listed and discussed analytically. The theoretical maximum amplitudes of the transformations achieved by these techniques are reported, together with the results of numerical simulations performed using custom-built simulation code.
Introduction
In a spin-1/2 pair, singlet order is a form of nuclear spin order that is invariant under rotation and therefore proportional to a zeroth-rank spherical tensor spin operator [1, 2, 3] . This statement carries a series of implications that make singlet order a very interesting form of order in nuclear magnetic resonance spectroscopy. The most important of these implications is that singlet order is long-lived in the sense that once imposed, this order (and the associated polarisation level) can be maintained for a time longer than is possible with longitudinal order, the quantity exploited in conventional NMR and MRI spectroscopy. In technical terms this means that the decay constant of singlet order is often much longer than the decay constant of longitudinal order, known as T 1 [2, 3] . Singlet order is also NMR silent. If access to singlet order is granted, and switching between silent singlet order and observable longitudinal order can be done at will, then singlet order may be used as a smart probe, i.e., a probe that can be accessed on demand. These two facts suggest a number of interesting uses of singlet order in NMR and MRI spectroscopy. A number of researchers have been indeed exploiting its long lifetime for the purposeof storage of hyperpolarisation [4, 5, 6, 7, 8, 9, 10, 11, 12] . Hyperpolarisation storage, combined with on-demand accessibility, suggests the use of singlet order as a repository of hyperpolarisation from where the signal enhancement gained by a given hyperpolarisation technique can be repeatedly accessed over a long time (tens of minutes) [12] . The long lifetime of singlet order has also been used to study slow motions like diffusion [13, 14, 15, 16, 17] , flow [17] , molecular dynamics [18, 19] and ligand binding [20, 21, 22, 23] .
Since its discovery in the Levitt group [24, 25, 26] a number of research groups have investigated the field of singlet NMR over the past 12 years with the purpose of defining and characterising singlet order relaxation properties [3, 27, 28, 29, 30] , and the conditions for its existence [31, 32, 33, 34] , and of developing the methodology to access singlet order in different magnetic regimes [24, 26, 35, 36, 37, 38, 39, 9, 40, 11, 41, 42, 43] and to demonstrate the existence of long-lived singlet order in multiple-spin systems [44, 45, 46, 47, 48, 49] and in heteronuclear systems [50] . Significant studies on the chemical requirements for obtaining long-lived spin order have been also conducted [17, 51, 52, 53, 54] with a record lifetime of 70 min for a 13 C-pair [54] , 26 min for a 15 N-pair [51] , and 10 min for a 1 H-pair [17] demonstrated. The potential use of singlet order in MRI has been discussed and demonstrated [55, 12, 56, 43, 17, 57] . This paper focuses on the efforts of the author and other groups spent in devising methods to access and manipulate singlet order in systems made by two spins-1/2. The aim of the paper is to describe all those techniques and to use spin dynamics concepts, tools and arguments to show how these methods work. The paper is organised as follows. i) Singlet states and singlet order are introduced, their main (relaxation) property is discussed, and the regimes where singlet order is (or not) an eigenstate are defined. ii) Methods developed in order to access and manipulate singlet order are listed and discussed. In each case the propagator for the transformation is explicitly derived by using an appropriate spin dynamics technique. Singlet order manipulation methods include field-cycling, singlet-locking, M2S and SLIC pulse sequences. The adiabatic transformation accomplished by slowly switching on and off a radiofrequency field is also discussed. iii) The three main techniques used in the field to select singlet order from pulse sequence byproducts are discussed. iv) Appendices discusses the main concepts behind various theoretical techniques used in the paper, including single-transition spin operators and average Hamiltonian theory.
Nuclear Singlet States and Singlet Order

The spin Hamiltonian and its eigenstates
The spin Hamiltonian for a pair of spins-1/2 in the liquid state can be written in the rotating frame as:
with
and where ω j is the angular frequency of the j − th site and J 12 the spinspin coupling between the spins in the pair. Because the Hamiltonian above is written in the rotating frame we also have:
with ω 0 = −γ j B 0 being the Larmor frequency, δ j the isotropic part of the chemical shift tensor, ω rf the radiofrequency carrier frequency, γ j the magnetogyric ratio for spin-j and B 0 the value of the static magnetic field. Singlet states are eigenfunctions of the Hamiltonian in Eq. 1 when the size of the scalar coupling ω J is much bigger than the difference in chemical shift frequency between the two spins, ω ∆ . This is easily proved by diagonalising the matrix representation of the spin Hamiltonian in the basis obtained as simple product of the Zeeman spin functions for a single isolated spin in a magnetic field:
The matrix representation of the Hamiltonian in Eq. 1 in the Zeeman basis is:
where the quantity: tan(θ) = ω J ω ∆ (6) Eq. 7 reduces to:
The eigenstates in Eq. 9 can be arranged according to their total angular momentum quantum number I to have:
where the T and S labels are used to indicate triplet and singlet states, respectively whereas the subscripts {0,1,-1} refer to the value of m = {I, I − 1, ..., −I}.
Population operators and spin order
Given a spin state |φ the population operator for that state is given by:
Accordingly, the population operator for the singlet state in Eq. 10 is:
where the last equality shows that the singlet population operator is proportional to the rank-0 spherical tensor operator for a spin pair (a list of spherical tensor spin operators for one and two spins is given in Appendix A.1). Analogously, the population operators for the triplet states expressed in spherical tensor operators are:
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The population imbalance between the highest and lowest energy level of a two spin-1/2 system is called longitudinal spin order. Its form, in terms of spherical tensor and product operators, is found from Eq. 13:
= I 1z + I 2z
Singlet order is defined analogously as the population imbalance between the singlet and triplet manifolds i.e.:
All techniques described in the following have as a purpose the conversion of longitudinal into singlet order and viceversa.
Note that the norm of SO is 2/ √ 3 and therefore this state does not have the same norm as the other operators in the conventional product operator basis, such as I 1z + I 2z or 2I 1z I 2z , for example, whose norm is √ 2. A relevant quantity for the discussion below is the order: 
= −(I
that is a "pseudo" form of singlet order and is the quantity directly prepared by several of the techniques discussed below. pSO has the advantage of having the same norm as LO. Transformations from pSO to SO must be non-unitary, and are effectively done via spin relaxation processes that are notably non-unitary. The projection of SO onto pSO is given by the Liouville bracket:
meaning that by preparing pSO in full one can only achieve a maximum of 2 3 SO, assuming that the non-unitary transformation that brings pSO into SO is also achievable in full.
Maximum transformation amplitude
The theoretical maximum efficiency of a pulse sequence is here defined as the theoretical maximum amplitude in the transformation between the operator representing the initial state and the operator defining the final state, assuming unitary transformation. Propagation under radiofrequency pulses and internal spin Hamiltonian is unitary since their associated Hamiltonians are Hermitians. For unitary transformations, the maximum transfer amplitude between two operators is given by the Sørensen equation [58, 59] :
where Λ A is the ordered list of eigenvalues of the operator A. This approach can be used to calculate the maximum efficiency in transformations from LO to pSO using:
Λ pSO = {1, 0, 0, −1}
to get:
The same equation can be used for the maximum transformation amplitude between LO and SO, which is of clear interest in this paper. However, as shown above, these two operators have different norms and this may lead to a misleading interpretation of the result of Eq. 18. By choosing to normalise both forms of order to unity the following normalised longitudinal and singlet order operators are obtained:
The propagator for the free evolution under this Hamiltonian is readily obtained as:
Note that in this formalism we have the identity:
Relaxation properties of singlet order
The dynamics of a nuclear spin ensemble arew governed by the Liouville equation [60] :
withL(t) representing the Liouvillian superoperator for the system written as:
whereĤ coh is the commutator superoperator that includes all coherent interactions (same for all members of the ensemble) andĤ incoh (t) is the double commutator superoperator that includes all incoherent interactions (different for different members of the ensemble) giving rise to nuclear spin relaxation.
Coherent dynamics
The nuclear spin Hamiltonian for a two-spin-1/2 system in the liquid state has been given in Eq. 1, where the relevant coherent dynamics is described by a chemical shift term (H CS = H Σ + H ∆ ) plus a scalar coupling term (H J ). These terms are written below in terms of spherical tensor operators for convenience:
The associated commutator superoperator is simply:
Incoherent dynamics
The incoherent dynamics are the results of a series of fluctuating interactions whose strength and direction is modulated by molecular motions. In general, the total incoherent Hamiltonian operator H incoh (t) can be expressed as a sum over many mechanisms:
and its related superoperator expressed as a sum of terms including all possible cross-correlations between mechanisms, as in:
The list of existing mechanisms (A,B,...) includes intra-pair dipolar coupling (ipDD), out-of-pair dipolar coupling (opDD), chemical shift anisotropy (CSA) and spin-rotation (SR) among others. For the spin systems considered in this paper and for non-viscous solvents a rough hierarchy of the importance these mechanisms have in regulating the relaxation time of longitudinal order can be written as:
Analytical equations for the Hamiltonians associated with all the terms above are known [61] and the contributions to singlet order relaxation due to several of these interactions has been analytically derived [3, 28, 29] . With regard to the discussion below, it is sufficient to give here only the explicit form of the Hamiltonian describing the main relaxation mechanism (ipDD):
where b jk is the dipolar constant between the two spins, τ c the rotational correlation time (fast motion limit [61] assumed), andT jk lm the spherical tensor commutator superoperator of rank l and component m for a spin pair.
Central relaxation property of singlet order
Eq. 30 states that the dynamics of nuclear spin states are regulated by commutator properties. Therefore a state of the system that commutes with a particular coherent or incoherent Hamiltonian is not affected by the interaction that Hamiltonian represents. Eq. 15, 32 and 37 describe singlet order, the coherent interaction and the main incoherent mechanism in the case of a twospin-1/2 system in non-viscous liquids. The commutation properties of spherical tensors can be then used to derive some interesting features of singlet order. Given the following commutation rules:
the following equalities holds:
The first equation above states that a difference in chemical shift frequency between the two spins in the pair perturbs the singlet order (as discussed in the next section); second and third equations state that SO is unaffected by the scalar J-coupling and the sum of chemical shift frequency interactions; and the fourth equation states that singlet order is immune to the intra-pair dipolar coupling relaxation mechanism. Therefore, when ipDD happens to be the main relaxation mechanism for longitudinal order (as is often the case for the kind of systems treated here) then SO is longer-lived than LO, which is the central relaxation property of singlet order. Longitudinal and singlet order are generally affected in a different ways by all other the relaxation terms in Eq. 35, but their discussion is out of the scope of this paper [3, 28, 29, 30] . To set the language for this paper we simply assume that in the systems treated the longitudinal order builds (and decays) following a first-order kinetics characterised by the time constant T 1 . Analogously, singlet order decays with a first-order kinetics characterised by the time constant T S . Because singlet order is immune to ipDD, if this term dominates the decay of longitudinal order then T S > T 1 .
Singlet order and magnetic equivalence
Neglecting relaxation, singlet order is an exact eigenstate of the Liouvillian of the system only in conditions of magnetic equivalence, i.e. when the two spins have the same chemical and magnetic environment. However, in these conditions it is not possible to manipulate singlet order via a radiofrequency pulse sequence, because the singlet remains isolated from the triplet manifold even in the presence of a radiofrequency pulse. This can easily be seen in the simplest case of an isolated spin pair, by considering the total Hamiltonian of the system in the presence of a radiofrequency pulse with nutation frequency ω n applied, for simplicity, along the x-axis:
written in the basis formed by singlet and triplet states of Eq. 10:
where it assumes the form: required in order to be able to manipulate the singlet state through its connection with the |T 0 state. This dichotomy (singlet order is such only in magnetically equivalent spin pairs, but magnetic inequivalence is needed to prepare such order) is at the heart of this paper, which describes the methods developed over the past 12 years in order to resolve it, with the purpose of manipulating singlet order in different magnetic regimes.
Although a precise categorisation is difficult, roughly speaking there are four important regimes to consider. These are classified on the basis of the degree of magnetic inequivalence of the spin pair, measured by comparing the relative sizes of ω J and ω ∆ . The situation is summarised in Table 1 . In weak and strong coupling regimes, the singlet state is not a good eigenstate of the spin Hamiltonian in Eq. 1 and there is no magnetic equivalence between the spins in the pair. In those cases there is access to a singlet-precursor via combinations of radiofrequency pulses and evolution delays. However, magnetic equivalence must be imposed in order to convert this precursor into singlet order and to exploit its features. This procedure of switching on and off magnetic equivalence has been dubbed symmetry switching [2] and it has been implemented in a number of ways using: i) field cycling [25, 26] ; ii) singlet-locking [24] or iii) a chemical reaction [36, 42, 62] . As will be clearer below, field cycling and chemical reaction are most convenient in weak and strong coupling regimes when ω ∆ is large (larger than a few kHz to give an indicative number). Singlet-locking can be used as a convenient alternative (no need to cycle field or move sample, nor to adjust conditions for a reaction to happen) only for ω ∆ of the order of 1-2 kHz or less and depending on hardware.
In the case of near equivalence, the singlet state is a good eigenstate of the Hamiltonian so there is no need for symmetry switching. In those cases, however, the coupling between singlet and triplet state is weak and therefore an ad-hoc methodology is needed to manipulate singlet order. The two methods proposed, magnetisation-to-singlet conversion (M2S) [37, 38] and spin-lock induced crossing (SLIC) [40, 41] , are discussed below.
In the case of full equivalence, the singlet state is an exact eigenstate but some form of symmetry switching is required to break this equivalence and to exploit singlet order. This can only be done via a chemical reaction. Because the aim of this paper is to describe the details of the pulse sequences used to manipulate singlet order, the use of chemical reactions to impose and remove symmetry will not be described any further.
Finally, a certain degree of singlet order can be directly generated directly in any of the above regimes by spin hyperpolarisation [63] . The hyperpolarisation process redistributes populations among spin energy levels to an extent that is far from Boltzmann equilibrium. This process builds up a large amount of longitudinal order by populating one of the outer triplet levels more than the other. At the same time it creates a large imbalance between the populations of the singlet state and the triplet manifold, i.e., a large singlet order. If the amount of longitudinal order (polarisation) prepared by hyperpolarisation is denoted as p, then the same process leads to an amount p 2 /3 of (hyperpolarised) singlet order [63] . This idea has been exploited, for example, as a way to build singlet order under fully equivalent conditions, in conjunction with a chemical reaction for detection [62, 64] .
Methods for manipulating singlet order in spin-1/2 pairs
Field Cycling
The field cycling (FC) method [25, 26] is the only practical method when ω ∆ is larger than the available rf amplitude (typically >1kHz, depending on hardware). It allows manipulation of singlet order by imposing (and removing) magnetic equivalence through the adiabatic change of the spin states and populations occuring when a spin system is exposed to a magnetic field whose strength is slowly varied. As explained below, the method requires the preparation of a state that is converted into singlet order upon field cycling. Because it involves the switching of the magnetic field or the movement of the sample between regions with different magnetic fields, the method is not always practical. In addition, field switching (or sample transport) must happen fast compared to T 1 in order to preserve spin order during the transformation. The details of this procedure are summarised below. Fig. 1 shows the variation in the form and energy of the four spin states of a homonuclear two spin-1/2 system (not drawn to scale, and assuming positive values for both the gyromagnetic ratio and the scalar coupling constant) as the field is reduced from high field (HF, ω J ω ∆ ) to low field (LF, ω J ≥ ω ∆ ) and down to zero field (ZF, ω ∆ = 0). These results show how the population of the state |αβ can be transferred to the state |S 0 upon lowering the magnetic field to a value where the condition ω J ω ∆ holds. In the same process, the populations of the other three states in high field can be transferred into the three triplet states, which are eigenfunction of the Hamiltonian of Eq. 1 in zero magnetic field. Accordingly, a population imbalance across the |αβ and |βα states in high field results into a population imbalance across |S 0 and |T 0 in low magnetic field, that is pseudo singlet order (pSO). This evolves into singlet order (Eq. 15) as the populations of the three triplet states equilibrate.
Switching magnetic equivalence by field cycling
The field cycling method can be implemented either by cycling the field between high and low field intensity, or by transporting the sample through regions where the magnetic field has different intensities. In our laboratory, for example, the option to move the sample along the vertical stray field of a conventional superconducting magnet was chosen, for its simplicity and convenience.
Preparation of singlet order
Simple inspection of Fig. 1 makes it clear that pSO can be prepared from a population imbalance across the |αβ and |βα states. This population imbalance can be prepared via a pulse sequence and a suggested method is reported in Fig. 2 . A simple product operator approach [60] can be used to study the evolution of the density operator under each step of the pulse sequence.
Assuming weak coupling (WC) conditions (the regime in which the method is the most useful), the spin Hamiltonian in Eq. 1 can be approximated by: where the scalar coupling term has been dropped because of the weak coupling condition (ω J ω ∆ ) and where the term proportional to ω Σ has been removed since the rf carrier is assumed to be set in the middle of the spectrum, i.e., for ω Σ = 0. The propagator under this Hamiltonian is readily obtained:
If t is chosen to fulfil the condition t = τ F C 1 = π/ω ∆ then the above propagator represents a rotation of +90
• for spin 1 and -90
• for spin 2 about the z-axis of the rotating frame:Û
The initial state is the longitudinal order given by Eq. 14:
and evolves under the sequence of events 90x-τ
The overall result is equivalent to the effect of a selective π-pulse on one of the two spins, which is indeed an alternative method to this preparation sequence.
The resulting density operator ρ
can be expressed in terms of population operators as: ρ
which is the targeted population imbalance. The adiabatic field cycling adiabatic transformation that follows converts this imbalance into pSO. This transformation can be represented by the following matrix:
with ϑ = arctan (ω J /(−γB 0 (δ 1 − δ 2 )) so that ϑ → −π/2 when B 0 → 0, and the states change as described in Fig. 1 . Evolution during field cycling gives:
ST z which coincides with pSO. This state evolves into singlet order (SO) after a non-unitary dissipative transformation (spin relaxation) during a period T in low magnetic field (with T 1 T < T S ):
Conversion of singlet order into observable magnetisation
Singlet order is non-magnetic and therefore does not give rise to an NMR signal of its own. It must be therefore converted into some form of observable magnetisation via a conversion pulse sequence. Fig. 2 shows one of the possible ways to do this. The method requires the field to be switched back to its high field value (where ω ∆ ω J ). Upon adiabatic field switching, the populations of the low-field spin states are transferred into those of high-field spin states as described in Fig. 1 (reading from right to left) . Accordingly, the density operator ρ F C 4 of Eq. 51 transforms into:
The first step in the conversion sequence is a 90
• pulse with 45
• phase shift. This produces:
This density operator propagates under the Hamiltonian in Eq. 44 for a time
= π/(2ω ∆ ), which corresponds to a rotation about the z-axis of 45
• for spin 1 and -45
• for spin 2, giving:
The following 90
• pulse about the x-axis produces:
which corresponds to the sum of an antiphase and an in-phase signal at the chemical shift of spin 1 (first two terms) plus a non-detectable term of spin 2. By changing the phase of the last pulse by 90
• , the opposite can be obtained, with the sum of an antiphase and an in-phase signal at the chemical shift of spin 2 plus a non-detectable term of spin 1.
In addition, the phase of the first pulse in the preparation sequence is cycled between +x and -x while the receiver phase is cycled between +x and x, so as to ensure that any two-spin order contribution that could be generated during as a result of cross-correlated relaxation is cancelled out and does not contribute to the final spectrum. This simple trick is applied to all the methods described in this paper.
Note that the conversion sequence discussed here is slightly different from the one that was originally derived. This is because the original paper intended to show a clean separation of signals derived from singlet order through the term 2I 1z I 2z , which requires a different sequence of events. Other methods to convert ρ
into some form of observable magnetisation include the use of a small flip angle pulse or the use of a selective 90
• pulse. Fig. 3 shows a numerical simulation of the full sequence in Fig. 2 where the trajectories of I 1z -I 2z , SO, 2I 1x I 2z and I 1x are plotted as a function of time for ω J /(2π) = 50 Hz, ω ∆ /(2π) = 5 kHz, ω Σ = 0, B low = 0.
Singlet-locking
An alternative to field cycling consists in imposing magnetic equivalence by applying a radiofrequency field (constant or modulated) [24] . The effect of such a field is to suppress to first order (in the sense of average Hamiltonian theory) the chemical shift terms in the Hamiltonian of Eq. 1. Because this radiofrequency field has the effect of locking the singlet state so as to prevent its mixing with the triplet states (which would otherwise happen if a chemical shift term were present in the Hamiltonian) the method takes the name of singlet-locking (some authors prefer to use the word sustaining instead).
3.2.1. Switching magnetic equivalence by singlet-locking A detailed theoretical justification of how singlet-locking works makes use of average Hamiltonian theory [66] whose main equations are summarised in Appendix A.2. The purpose of the following demonstration is therefore to show that the first-order average Hamiltonian of the system does not contain any chemical shift contributions when an unmodulated radiofrequency field is applied on resonance (in the middle of the spectrum, i.e., for ω Σ = 0).
The total Hamiltonian in the presence of an unmodulated field (applied, for simplicity, along the x-axis of the rotating frame) has been given in Eq. 40. On the assumption that ω n ω ∆ (which is required for the technique to work; the subscript n stands for nutation) it is convenient to choose the following interaction-frame Hamiltonian:
which can be conveniently rewritten as:
using the following definitions:
The associated propagator can be readily written as: 
where the scalar term remains unchanged because it commutes with all operators in the interaction frame transformation. The first term consists of three nested rotation sandwiches that can be applied consecutively, from the inner to the outer, to give:
The first-order average Hamiltonian is calculated from Eq. A.13 using t c = 2π ωn as the period of the interaction frame Hamiltonian, giving:
Given the definition of θ SL in Eq. 59, for sufficiently strong radiofrequency fields (i.e. for ω n ω ∆ ) and for on-resonance irradiation (ω Σ = 0), θ SL = π/2 so that the first-order averaged Hamiltonian simplifies to:
The effect of off-resonance irradiation and the use of radiofrequency fields which are weaker than ω ∆ have been reported [67, 27, 68] . These studies find that the strength of the singlet-locking field must be about 5 times greater than ω ∆ in order to achieve good suppression of the chemical shift term in the Hamiltonian. For this reason the singlet-locking approach is practical only when ω ∆ is of the order of 1-2 kHz or less, since higher values of ω ∆ would require fields ω n that are too big to be applied for periods of seconds to minutes, and could stress the probe and increase the sample temperature. The use of modulated radiofrequency irradiation schemes has also been explored, finding that those are effective in increasing the bandwidth of the spin-locking with respect to the sum of the two offsets but not with respect to their difference [27] .
Preparation of singlet order
When the singlet-locking procedure is used to impose magnetic equivalence and access singlet order, a suitable pulse sequence must be used to create a singlet order precursor that transforms into SO once singlet-locking irradiation is turned on and magnetic equivalence is imposed. There are multiple choices for such a precursor, the most convenient one consisting in preparing the term: I 1x I 2x + I 1y I 2y − 2I 1z I 2z [18] . This can be done by using the preparation block in Fig. 4 .
The starting density operator coincides with longitudinal magnetisation:
The first 90
• pulse in Fig. 4 creates transverse magnetisation: A spin-echo (SE) block with τ
follows. Because of weak coupling (ω ∆ ≥ ω J ) and the long duration (ω ∆ τ SL 1 1) (this is the regime for which the sequence is the most useful) the propagator during the SE block can be approximated as [69] :Û
and used to find the density operator at time point 3 to be:
The following 45
• pulse, applied about the y-axis, generate a mixture of zeroand double-quantum terms:
where the-double quantum terms can be suppressed by a field gradient pulse, leaving:
This state is left to evolve under the Hamiltonian in Eq. 1 for a time t = τ SL 2 = π ω∆ giving:
which is the state required. The advantages of this preparation method over the original method [24] is that it is broadband with respect to the position of the carrier frequency (the original one requires the carrier to be positioned in the middle of the spectrum, ω Σ = 0) allowing, for example, the possibility of studying molecules with multiple sites undergoing dynamic effects, which may have different chemical shifts for different conformations [18] .
Conversion of singlet order into observable magnetisation
By analogy with Eq. 51, the density operator ρ SL 6
after a time period T S < T < T 1 under spin-locking irradiation becomes:
This state can be converted into antiphase signals at the two chemical shifts by the simple conversion sequence in Fig. 4 . The first event in this sequence is free evolution under the Hamiltonian in Eq. 1 for a time t = τ SL 2 = π/(ω ∆ ). As described above, this free evolution period changes the sign of the zero-quantum part of the signal, giving:
This state is converted by the following 45
• pulse into:
where the first two terms correspond to antiphase single-quantum signals at the chemical shifts of the two nuclei in the spin pair and the third term represents undetectable double-quantum coherence. 
Preparation and conversion of singlet order by adiabatic switching of the
singlet-locking field An interesting alternative to the preparation (and conversion) sequence described in Section 3.2.2 and 3.2.3 has been introduced by Ivanov et. al. [43, 70, 71] and deserves separate attention. The method consists in switching on (for preparation) or off (for conversion) the singlet-locking radiofrequency field in an adiabatic manner, so that the populations of the spin states are transferred without creating any coherences. Such an adiabaticity criterion can be strictly formulated [71] but is beyond the scope of this summary. For our purposes we simply assume that the transformation is adiabatic. Fig. 6 shows the details of the methodology. The conversion from LO to pSO is achieved by switching spin-lock on a radiofrequency field whose amplitude is increased from zero to ω n in a time τ aSL on chosen to satisfy the adiabaticity criterion. The explicit form for the Hamiltonian describing the radiofrequency pulse used in the original paper is:
where the pulse is applied, for simplicity, along the x-axis of the rotating frame at an offset ω o with:
The total Hamiltonian, including this adiabatically switched pulse, and in the case of weak coupling (the regime where this sequence is the most useful) is:
For t = 0, ω n (0) = 0, and Eq. 77 assumes the following eigenstates and eigenvalues:
For t = τ aSL on one has ω n (τ aSL on ) = ω n ; on setting ω n ω ∆ , the chemical shift term disappears from the total Hamiltonian in a first-oder approximation (see Eq. 64) and the resulting approximated Hamiltonian can be diagonalised to yield the following eigenstates and eigenvalues:
expressed in a Zeeman basis tilted by -90
• about the y-axis, where the projection of the total spin along the x-axis is defined. The energies in Eq. 78 and 79 have been arranged from high to low (E 0 1 to E 0 4 ), and this order is maintained provided ω n > ω J and
The order of the states E 2 (0) and E 3 (0) is swapped if ω n > ω J and
This means that, provided the offset of the adiabatically switched field remains within the range
2 ω Σ , the population of |αα is transferred into |T 0 and the population of |ββ is transferred into |S 0 upon varying the amplitude of the rf field from 0 to ω n as described by Eq. 76. On the other hand, in the range
ω Σ the population of |αα is transferred into |S 0 and the population of |ββ is transferred into |T 0 , instead. A population imbalance between |αα and |ββ (LO) is therefore transferred into a population imbalance between |S 0 and |T 0 (pSO) upon adiabatic switching of the radiofrequecy field if ω o lies in one of the intervals indicated above. Note that there is no transfer from LO to pSO when ω o = 1 2 ω Σ , i.e., when the carrier is positioned in the center of the spectrum.
The time dependence of the Hamiltonian in Eq. 77 is such that both its eigenvalues and its eigenstates are time-dependent. This case is dubbed "homogeneous time-dependence", with a propagator given by:
where:
is the dynamic phase and b r is the geometric phase (also known as Berry's phase), both of which are dependent on the specific shape of the radiofrequency pulse [72] . When r runs through the states in Eq. 78, r runs through the states in Eq. 79, and the initial density operator is comprised of longitudinal order (ρ aSL 1 = I 1z + I 2z ), we have:
2 ω Σ The conversion from singlet order into longitudinal magnetisation is achieved in a similar fashion by adiabatically switching off the radiofrequency field from a value ω n ω ∆ to ω n = 0 during the time interval τ aSL of f , as shown in Fig. 6 . A suitable shape for the amplitude of the radiofrequency field in this case is:
and the mechanism of the conversion follows the same arguments as above, here omitted for the sake of brevity. Fig. 7 shows a numerical simulation of the full sequence in Fig. 6 where the trajectories of LO and SO have been plotted as a function of time for ω J /(2π) = 50 Hz, ω ∆ /(2π) = −1 kHz, ω o /(2π) = −100 Hz and ω n /(2π) = 5 kHz.
M2S pulse sequences
Because singlet states are eigenstates in near-equivalent spin-1/2 pairs, singlet order is available at high magnetic fields without the need for symmetry switching under those conditions. Three techniques have been proposed for manipulating singlet order in this regime: (i) magnetisation-to-singlet conversion (M2S) [37, 38] (ii) its reverse, singlet-to-magnetisation (S2M); and (iii) spinlock induced crossing (SLC) [40, 41] , which works in both directions. The M2S and S2M pulse sequences can transform longitudinal into singlet order (and vice versa), as shown in Fig. 8 . To describe these pulse sequences it is convenient to use the single-transition spin operator formalism described in Appendix A.5, first focusing attention on the effect of the spin-echo block upon which the M2S sequence is built. 
J-synchronised spin echoes
In the nearly-magnetic equivalent regime, θ ST 1 (see Eq. 25), so that free evolution under the propagator in Eq. 27 is an inefficient way to manipulate singlet order. A solution to this problem is provided by J-synchronised spinechoes that, as demonstrated below, provide a more effective way to perform rotations in the singlet-triplet (ST ) subspace. M2S and S2M pulse sequences uses J-synchronised spin-echoes to manipulate singlet order in near-equivalence regimes. As in other echo trains, J-synchronised spin-echoes consist of repeated delay/π-pulse/delay blocks, but here the delay is synchronised with ω J ( τ e ≈ 1/(4J)). In order to write the full propagator under the spin echo, Eq. 27 is used for the free evolution whereas the propagator under a 180
• pulse is best written in the singlet-triplet (ST ) and triplet-triplet (T T ) subspaces. This can be done by simple inspection of the matrix representation of a π-pulse in the singlet-triplet basis of Eq. 41:
The π-pulse has therefore the effect of flipping the sign of |T 0 , swapping |T 1 and |T −1 (and flipping their signs) while leaving |S 0 unaltered. In the two ST and T T subspaces this pulse can be then written as a 180
• rotation about the z-axis of the ST subspace followed by a 180
• rotation about the x-axis of the T T subspace, both multiplied by a phase factor:
Eq. 27 and Eq. 85 are now combined together to obtain the propagator under a single spin echo block as:
with:
By setting:
(hence the term J-synchronised ) the propagators above simplify to:
For small values of θ ST (i.e. for near equivalence) the propagator U 
2θ
ST multiplied by a phase factor (see Appendix A.6 for a full proof). For ω Σ << ω J the propagator U T T echo (2τ e , 0) can also be approximated by a π-rotation about the x-axis of the T T subspace,R T T x (π). The final approximated forms of these propagators are:
A full rotation of 2nθ ST radians is achieved when this spin echo block is repeated n times. Therefore the settings:
implement a 180
• and a 90
• rotation about the x-axis of the ST subspace, respectively. A 180
• rotation converts |T 0 into |S 0 and vice versa, whereas a 90
• rotation creates |T 0 and |S 0 coherences. The propagators after n 1 echoes become:
and after n 2 echoes:
Preparation of singlet order J-synchronised spin echo trains are building blocks of M2S pulse sequences that convert transverse magnetisation into pSO (Fig. 8) . M2S works on coherence represented by the operator I 1x + I 2x and generated from longitudinal order by applying of a 90
• radiofrequency pulse about the y-axis. Therefore the starting density operator for the M2S can be expressed as:
The first part of the M2S sequence is a J-synchronised echo train with τ e = (π/2ω
ST e ) and n 1 = π/(2θ ST ), with the propagators in Eq. 92. Their effect on the triplet states involved in Eq. 94 is:
The density operator after this first part is:
• pulse is then applied about the x-axis. Its effect on singlet and triplet states is:R
and the density operator after this transformation is:
The system is then left to evolve under the internal Hamiltonian for a time τ e = π/(2ω ST e ). The effect of free evolution is described in Eq. 27 and approximates to rotation of -90
• (note the sign of θ ST in Eq. 25) about the z-axis of the ST subspace, giving:
The following J-synchronised echo train with τ e = π/(2ω ST e ) and n 2 = π/(4θ ST ) leads to a 90
• rotation about the x-axis of the ST subspace that leads to:
= −2I
ST z
The term 2I
ST z corresponds to pSO (see Eq. 29) and evolves into SO as the populations of the three triplet states equilibrate by spin relaxation. To calculate the theoretical efficiency of an M2S transformation (neglecting relaxation and pulse imperfections) we use the first equality in Eq. 18 with A = LO and B = pSO:
whereR y (π/2) represent the 90y pulse used to convert LO into I 1x + I 2x . The result in Eq. 101 shows that M2S accomplishes this transformation fully when spin relaxation and any instrumental imperfections are neglected.
Conversion of singlet order into observable magnetisation
Under conditions of near magnetic equivalence, the conversion of singlet order into transverse magnetisation can be done via an S2M sequence consisting of the time-reversal of the M2S sequence discussed in Section 3.3.2. Equivalent arguments (not reported here for the sake of brevity) can be used to demonstrate how the S2M sequence works. Fig. 9 shows a numerical simulation of the full sequence of Fig. 8 where the trajectories of I 1x +I 2x (a) and SO (b) are plotted as a function of time for ω J = 2π50, ω ∆ = 2π5, ω Σ = 0. a b Figure 9 : A numerical simulation (custom code, uses SpinDynamica routines [65] ) of the evolution of I 1x +I 2x (a) and SO (b) during the pulse sequence of Fig. 8 for ω J /(2π) = 50 Hz, ω ∆ /(2π) = 5 Hz, ω Σ = 0 and T = 200 ms. The overshooting of the curve in panel (a) at about 0.5 s is due to the necessity to round the value of n 1 to the nearest even integer value.
SLIC pulse sequences
Spin-locking induced crossing (SLIC) [40, 41] is an alternative method for manipulating singlet order in near magnetic equivalence regimes. The method converts transverse spin order into pSO (and vice versa) and consists in applying a radiofrequency pulse with a nutation frequency that is matched to ω J . This pulse induces oscillations between singlet and triplet states. The pulse length is adjusted so as to maximise the transfer from transverse magnetisation into singlet order. The SLIC pulse sequence is shown in Fig. 10 , where the similarity of the preparation and reconversion sequences can be seen. 
Spin-locking induced crossing
To analyse the effects of the SLIC pulse sequence, we start from the Hamiltonian in Eq. 40 that includes a generic pulse and write its matrix representation in a tilted singlet-triplet basis obtained by rotating the basis in Eq. 41 by 90
• around the y-axis of the laboratory frame. The tilted singlet-triplet basis is:
and the Hamiltonian in Eq. 40 takes the form:
for the condition ω Σ = 0, i.e. when the rf carrier is positioned in the center of the spectrum. The tilting of the basis has the effect of placing terms that depend on the nutation frequency of the pulse along the main diagonal. By setting ω n = ω J the above matrix becomes:
The diagonal terms for the first and fourth state in the tilted basis of Eq. 102 are separated by |2ω J | which, in the near magnetic equivalence regime, is much larger than the off-diagonal element that connects these states, ω ∆ /(2 √ 2). To a first approximation the latter off-diagonal term can be dropped and the Hamiltonian matrix can be approximated as:
The sub-matrix that includes the first and third rows (and columns) can now be treated as a two-level system using the single-transition spin operator formalism. In this formalism the Hamiltonian of the system in the presence of a SLIC pulse and in the condition ω Σ = 0 and ω n = ω J is:
where the superscript "13" refers to the first and third states in Eq. 102 and with the involved singlet transition operators given in Eq. A.23. The associated propagator is readily constructed:
By setting t = τ slic 1 = 2π/( √ 2ω ∆ ) the propagator takes the form:
representing a rotation of 360
• about the x-axis of the "13" subspace. Its effect on triplet states is:
Preparation of singlet order
The SLIC method works on transverse coherence represented by the operator I 1x + I 2x and generated from longitudinal order by the application of a 90
• radiofrequency pulse about the y-axis. Therefore the starting density operator can be expressed as:
This evolves under the propagator of Eq. 108 to give:
which contains pSO.
To calculate the theoretical efficiency of a SLIC transformation (neglecting relaxation and pulse imperfections) we use the first equality in Eq. 18 with A = LO and B = pSO:
whereR y (π/2) represent the 90y pulse used to convert LO into I 1x + I 2x . The result in Eq. 112 shows that neglecting relaxation and imperfections the SLIC method accomplishes the transformation from LO into pSO with the same maximum efficiency as M2S.
Conversion of singlet order into observable magnetisation
As shown in Fig. 10 , the SLIC pulse sequence can also be used to convert SO back to I 1x + I 2x , with the same setting as used for preparation of singlet order. The demonstration uses the same argument as in Section 3.4.2 and is skipped here for the sake of brevity. Fig. 11 shows a numerical simulation of the full sequence in Fig. 10 where the trajectories of I 1x +I 2x and SO are plotted as a function of time for ω J = 2π50, ω ∆ = 2π5, ω Σ = 0.
Singlet Order Filtration Techniques
Methods to prepare singlet order often prepare by-products, as a direct result of the pulse sequence and/or because of instrumental imperfections. In many applications it is convenient to filter out all by-products to retain only singlet order terms. Singlet order filtration can be done in a variety of ways, some of which are discussed below. 
Filtering using polyhedral phase cycling
Phase cycling is the most common method of signal filtering in NMR. It basically consists in acquiring a number of NMR signals obtained by running many similar pulse sequences which differ only in the phases of one or more radiofrequency pulses. A linear superposition of these signals, multiplied by complex phase factors, can be defined that filters out undesirable signal components while keeping the components with desirable properties. A convenient way to look at these properties uses spherical tensor operators. These operators (T k λµ , see Appendix A.1 for some examples) are described by two quantum numbers, called the rank, denoted λ, and the component index µ, which takes values µ = {−λ, −λ + 1, ..., λ}. Spin order can be written is terms of such operators where the component index µ of the irreducible spherical tensor operator corresponds to the coherence order. Traditional phase cycles, which are based on the rotational properties of spin order terms around the z-axis, can only select among terms with different coherence orders (different µ) but cannot distinguish among terms with different value of λ. These methods are therefore not valid for the purpose of selecting singlet order with λ = µ = 0, as they cannot distinguish singlet order from spin order represented by higher-rank tensors with the same component index µ = 0.
The STA (spherical tensor analysis) method [73] instead achieves a complete classification of the spin order terms according to both λ and µ, up to a chosen maximum rank. The details of how this method works are described in the original publication [73] ; its application for singlet order filtration has been reported [74] and therefore will not be discussed here any further. The general scheme for filtering using polyhedral phase cycles is shown in Fig. 12 . It consists of inserting two 90
• radiofrequency pulses with phases φ 1 and φ 2 , and adding an overall phase φ A to the whole sequence of events that precedes these two pulses and an overall phase φ B to the whole sequence of events that follows Figure 12 : Polyhedral phase filtering implementation scheme done by inserting two 90 • pulses and phase cycling the phases φ A and φ B of the two blocks, and the phases φ 1 and φ 2 of the two inserted pulses according to Table 2 .
these two pulses. Blocks A and B represent, in the context of singlet NMR, the preparation and conversion sequences discussed above, respectively. The phases φ 1 , φ 2 , φ A and φ B are cycled in N steps such that:
where λ max is the highest rank of nuclear spin order with a significant intensity at the junction of sequences A and B, and V the number of vertices of a regular polyhedron chosen according to the value of λ max , hence the name polyhedral phase cycling. An ensemble of spin systems each comprising N coupled spins-1/2, can only support spin order terms for which both the rank λ and the component index µ are less than or equal to N. This paper deals only with two-spin-1/2 systems where N = 2, so λ max = N = 2. Under these conditions the polyhedron of choice is the tetrahedron, with V = 4 and N = 12 [73, 74] , meaning that singlet order filtering via polyhedral phase cycling requires a minimum of 12 steps in the phase cycling. The four phases in Fig. 12 are then cycled as shown in Table 2 .
The NMR signals for the 12-steps phase cycle are added together with the same weights. This procedure projects out the part of the NMR signal that derives from isotropic spin order terms (λ = µ = 0, i.e. SO) and that exists at the junction of the two pulse sequence blocks. A drawback of this filtering method is that it is clearly time-consuming and requires multiple transients with reproducible intensities. It could therefore be incompatible with some experiments, such as hyperpolarised NMR/MRI.
Filtering using field gradient pulses
A powerful alternative to phase cycling for signal selection is provided by gradient filtering, which uses field gradient pulses to destroy unwanted spin orders. The advantage of this method for singlet order filtration is that it is a one-shot technique, meaning that it works in a single experiment. For this reason, it may be preferred to the polyhedral phase cycling method above. It does however require gradient hardware for generating gradients in at least one direction. Pulsed field gradients induce rotations around the z-axis of the Fig. 12 is used. All angles are given in degrees.
laboratory frame through an angle α that depends on the position in space, according to:
where γ I is the gyromagnetic ratio of the nucleus I. If the gradient is sufficiently strong and the spatial distribution of spin states is isotropic, then the z-rotation is uniformly distributed across the sample meaning that all possible values of α are equally sampled. A generic rotation in the 3D space can be broken down into three successive rotations about the Euler angles α, β and γ as:
Such rotations can in effect be implemented by a radiofrequency pulse that leads to a rotation through an angle β around the y-axis, preceded and followed by a field gradient pulses, as shown in Fig. 13a . In this way α and γ are uniformly sampled across the sample by the gradient pulses, while the choice of β determines the ranks of the tensor components that are filtered out, according to: Figure 13 : a) Scheme to implement a generic rotation in the 3D spin space using a combination of field gradients and radiofrequency pulses. b) Gradient-based singlet order filtering sequence that eliminates tensors up to rank-3 in two-spin-1/2 systems under near magnetic equivalence conditions. βm = arctan ( √ 2) is known as the magic angle.
From Eq. 117 it is immediately clear that the signal component of rank λ = 0 (i.e. singlet order) is always retained. Furthermore, setting β = π/2 results in filtering out the signal component of rank λ = 1 (and all other odd-rank terms because their reduced Wigner matrix elements are a function of cos (β)); setting β = arctan ( √ 2) results in filtering out the signal component of rank λ = 2, and so on. Such filters can be concatenated to achieve multiple rank filtering, provided that the ranks do not mix during the filtration process.
For the purpose of singlet order filtering in a two-spin-1/2 system, where the maximum achievable rank is 2, we would therefore combine a filter with β = π/2 and a filter with β = arctan ( √ 2) to effectively eliminate any signal components with λ = 0 and up to λ max = 3. This filter, originally developed to be used for near-equivalent spin pairs [75] , is shown in Fig. 13b , where the pulse with β = arctan ( √ 2) has been replaced by an equivalent composite pulse 90 β 90 180 to obtain a better resolution on the angle. This filter is not suitable for systems with a significant chemical shift difference (large enough that the evolution under the chemical shift Hamiltonian during the second gradient pulse mixes the ranks). In such cases the second gradient may required to be replaced by two gradient pulses of opposite sign sandwiching a refocusing pulse.
Filtering using rapid fluctuations in inhomogeneous magnetic fields
Filtration of singlet order by rapidly fluctuating magnetic fields has been suggested [63] as an alternative to the methods discussed above when filtration has to be accomplished outside of the spectrometer, where radiofrequency pulses and pulse field gradients are not easily accessible/available. This filtering method consists in shaking the sample in the highly inhomogeneous field present inside a mu-metal chamber. Such a chamber is conventionally used to shield from magnetic fields, and is made of an alloy of Ni, Fe and other metals typically including Mo, Si and Cu with a very high magnetic permeability µ, hence the name. Materials with such a high magnetic permeability concentrate the magnetic field flux so that the lines of flux are directed through the metal rather than into the enclosed space. This results in an effective shielding of the space inside the chamber from any external magnetic fields whose strength is below the mu-metal saturation point (0.76 Tesla for the alloy cited). The field inside the chamber is very low, but is not exactly zero. It can be reduced further by enclosing the mu-metal chamber in another chamber (and repeating this multiple times to obtain better and better shielding properties).
For the purpose of singlet order filtration we are interested in the very small but highly inhomogeneous field that remains within a mu-metal chamber. By moving the sample around such an inhomogeneous and extremely low magnetic field, each voxel of the sample is exposed to a diffrent field history, resulting in a random rotation. On integrating over the whole volume the net result is that any signal component with rank λ ≥ 1 is completely randomised and integrates to zero, while the rotationally invariant term with λ = 0, which corresponds to singlet order, is left untouched. When compared to the other filtration methods above, this is the most effective way to achieve isotropic filtration, because it effectively destroys any tensor component with rank higher than zero. All other methods have a cut off (λ max ) arising from the need to approximate the complete randomisation by a finite number of phase cycling or gradient filtering steps.
Summary
In this paper I have been discussing radiofrequency pulse sequences used to access and manipulate singlet-order in two-spin-1/2 systems that were available at the time of writing. These include: field cycling, spin-locking, adiabatic spinlocking switching, M2S and SLIC. The main techniques used to filter out singlet order from by-products of these pulse sequences are also briefly introduced, including filtering using phase cycling, gradient field pulses and inhomogeneous fields. Full analytical proofs are given in all cases and the conditions in which these sequences are applicable or most conveniently used are stated. The appendices that follow focus on the most relevant features of the spin dynamics techniques invoked in the manuscript.
A. Appendices
A.1. Spherical tensor spin operators
The spherical tensor spin operators for one spin-1/2 are:
and for a pair of spins-1/2: 
H(τ )dτ
The series above is infinite and therefore must be truncated for any practical purpose. Although all the Hamiltonians involved are Hermitian, the truncated series is not (see Appendix A.4 for a full proof) and therefore the truncated propagator is not unitary. A way to circumvent this problem was found by Magnus [76] , and is based on the Baker-Campbell-Hausdorff relation. In this approach the time t is divided into small steps:
so that the Hamiltonian acting during each step can be considered to be timeindependent. The propagator in Eq. A.6 is therefore the result of an infinite number of rotations in spin space:
(A.8)
which is convenient because, provided all the Hamiltonians involved are Hermitian, the whole propagator is the product of unitary transformations and hence is also unitary. AHT tries to express the entire sequence above by a single transformation under an average Hamiltonian:
This is done by invoking the Baker-Campbell-Hausdorff relation: Applied to the expansion in Eq. A.8 this gives:
By comparing the second and third terms in Eq. A.11, the form of the average Hamiltonian is readily found:
Each term in the expansion represents a different order in the truncation, and these terms are typically referred as the first-and second-order terms of the average Hamiltonian. A generalisation of the above equation is obtained by changing the discrete form into an integral. The first two orders in the generalised expansion are: Eq. A.12 can easily be truncated while preserving unitarity. However, it converges at a rate similar to Eq. A.5 and therefore is most useful when only a few terms are needed to describe the problem. Fast convergence is ensured when:
U (t, 0) ∼ 1 or Ht 1 (A.14)
and a strategy to minimise the number of required terms consists in scaling down the size of the Hamiltonian by expressing it in an interaction frame. This is done following the recipe in Appendix A.3.
A.3. Interaction Frame Transformations
This appendix derives the equation to be used to express an Hamiltonian in a given interaction frame. It starts from the time-dependent Schrödinger equation: In this appendix we demonstrate the following equality (used to simplify Eq. 89): The operator train on the left-hand side of Eq. A.27 can be treated as a series of rotation sandwiches (as indicated by the brackets) that can be solved consecutively from the inner to the outer ones. The inner one is solved by first multiplying from the right-hand side by a unity operator written asR 
